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those groups of PSL{3,C) whose limit set in the Kulkarni sense has, 
exactly, four lines in general position. Also we show that, for this class 
of groups, the equicontinuity set of the group is the largest open set 
where the group acts discontinuously and agrees with the discontinuity 
set of the group. 



Introduction 



In a recent article, see [T], we have proven that for a complex Kleinian 
group without proper invariant subspaces and "enough" lines in the Kulka- 
rni's limit set, it holds that its discontinuity set agrees with the equicontinu- 
^ , ity set of the group, is the largest open set where the group acts discontinu- 

C\J I ously and is a holomorphy domain. Such result enable us to understand the 

. relationship, in the two dimensional case and for a "large class" of groups, 

bettwen the different notions of limit sets which are usually studied as well 
as its geometry, see [3]. This article is a step to extent the results in \V\ to 
• the case when the groups has invariant subspaces and "enough" lines in the 

I limit set. More precisely we prove: 

Theorem 0.1. Let T c PSL(3, C) be a discrete group. The limit set, in the 
^ . Kulkarni sense, of T has exactly four lines in general position if and only if 

^ I F has a hyperbolic toral group, see section\M, whose index is at most 8. 

Theorem 0.2. Let F C PS'L(3, C) be a toral group. Thus the discontinuity 
set in the Kulkarni sense agrees with the equicontinuity region and is given 
by: 

0(F) = y xW\ 

<:i,<:2 = ±l 

where H"*"^ and IHI"^ are the upper half and lower half plane. Moreover ri(F) 
is the largest open set on which F acts properly discontinuously. 
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This article is organized as follows: in section [T] we introduce some terms 
and notations which will be used along the text. In section [2] we construct 
some examples of groups with four lines in general position. Finally in sec- 
tion m we present the proof of theorem 10.11 

The authors are grateful to Professor Jose Seade for stimulating conver- 
sations. Part of this research was done while the authors were visiting the 
IMATE-UNAM campus Cuernavaca and the FMAT of the UADY. Also, 
during this time, the second author was in a postdoctoral year at IMPA, 
and they are grateful to these institutions and its people, for their support 
and hospitality. 

1. Preliminaries and Notations 

1.1. Projective Geometry. We recall that the complex projective plane 

Fl is 

:= (C3\{0})/e, 

where C* acts on \ {0} by the usual scalar multiplication. This is a com- 
pact connected complex 2-dimensional manifold. Let [ ] : \ {0} P^ 
be the quotient map. If /3 = {61,62,63} is the standard basis of C^, we 
will write [ej] = ej and if it; = {wi,W2,ws) G \ {0} then we will write 
[w] = [wi : W2 ■ W3]. Also, £ C P^ is said to be a complex line if U {0} is 
a complex linear subspace of dimension 2. Given p,q S P^ distinct points, 
there is a unique complex line passing through p and q, such line will be 
denoted by ^7^. 

Consider the action of Z3 (viewed as the cubic roots of the unity) on 
SL{3, C) given by the usual scalar multiplication, then 

PSL{3,C) = 5L(3,C)/Z3 

is a Lie group whose elements are called projective transformations. Let 
[[ ]] : SL{3, C) ^ P5L(3, C) be the quotient map, 7 G PSL{3, C) and 
7 G GL(3, C), we will say that 7 is a lift of 7 if there is a cubic root r of 
Det{'y) such that [[T7]] = 7, also, we will use the notation (74^) to denote 
elements in SL{3, C). One can show that PSL{3, C) is a Lie group that acts 
transitively, effectively and by biholomorphisms on P^ by [[7]]([tf]) = [7('U^)]; 
where w e \ {0} and 7 G SLsiC). 

1.2. Complex Kleinian Groups. Let F C PSL{3,C) be a subgroup. We 
define (following Kulkarni, see [5J): the set Lq{T) as the closure of the points 
in P^ with infinite isotropy group. The set Li[T) as the closure of the set of 
cluster points of Fz where z runs over P^ \ Lo(F). Recall that q is a cluster 
point for TK, where C P^ is a non-empty set, if there is a sequence 
{km.)meN C K and a sequence of distinct elements (7m)mgN C F such that 
lm{km) rn^oo ^' "^^^ -^2(1") as the closure of cluster points of TK where 
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K runs over all the compact sets in \ {Lq{T) U Li(r)). The Limit Set in 
the sense of Kulkarni for F is defined as: 

A(r) = Lo(r)uLi(r)uL2(r). 

The Discontinuity Region in the sense of Kulkarni of V is defined as: 

0(r) = p2 \A(r). 

We will say that F is a Complex Kleinian Group if r2(F) ^ 0. 

Lemma 1.1. ( See [2]j Let F C PSLs{C) be a subgroup, p S such that 
Tp = p and I a complex line not containing p. Define H = lip/ ■ F — > 
Bihol{£) given by I[{g){x) = TT{g{x)) where vr = TTp/ : P^ — {p} — > £ is 
given by tt{x) = i,^ n £, then: 

(i) TT is a holomorphic function. 

(ii) n is a group morphism. 

(iii) // Ker{U) is finite and n(F) is discrete, then F acts discontinu- 
ously on Q = (U2er2(n(r)) ~ {p}- Here Q.{J1{T)) denotes the 
discontinuity set ofliiV). 

(iv) IfT is discrete, n(F) is non-discrete and £ is invariant, then F acts 
dis continuously on Q = \JzGEq{u(r)) — U {p})- 

Lemma 1.2. Let S C PSL{2,C) be a non discrete group, then: 

(i) The setF^\Eq{'S) is either, empty, one points, two points, a circle 
or P^. 

(ii) // C is an invariant closet set which contains at least 2 points, then 
Pj, \ Eq{Y.) C SC. 

(iii) The set Pj, \ EqiTj) is the closure of the loxodromic fixed points. 

1.3. Counting Lines. 

Definition 1.3. Let 17 C P^ be a non-empty open set. Let us define: 

(i) The lines in general position outside as: 

LG{n) = {-C C Gri(P^)|Tlie lines in C are in general position & (J £ C \ r^j ; 

(ii) The number of lines in general position outside as: 

LiG{n) = max{{card{C) : C G LG{n)}), 

where card{C) denotes the number of elements contained in C. 

(iii) Given C € LG{Q) and u G |J £, we will say that f is a vertex for C 
if there are £i,£2 & C distinct lines and an infinite set C C Gr i(P^) 
such that £i n ^2 n (fl C) = {v} and U C C P^ \ ^. 

Proposition 1.4. Let F C PSL{3C) be a complex Kleinian group. If 
LiG{i}{T)) = 4, then for each C G GL{Q) with card{C) = 4, it falls out 
that: 

(i) The array of lines L contains exactly two vertexes; 

(ii) For every vertex v of C), it follows that Isot{v,T) is a subgroup of 
F with finite index. 
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2. ToRAL Groups 

Definition 2.1. Let A G SL{2,'L), then A is said to be a Hyperbolic Toral 
Automorphism if none of the eigenvalues of A lies on the unit circle. 

Theorem 2.2. Let A G SL{2,'L) he an hyperbolic toral automorphism then: 

(i) The eigenvalues of A are irrational numbers. 

(ii) It holds 

{x e : A"(x) -X eZxZ for some n € N} = Q x Q. 
Definition 2.3. Set S* : Q x Q ^ N which is given by: 
S{x) = min{n G N : rax G Z x Z}. 
Also define Per : SL{2, Z) x Q x Q ^ N by 

Per{A, x) = min{n G N : B'^{x) - x G Z x Z}. 
Finally define (p : SL{2, Z)xQxQxZ^QxQby 

(p{B,x,l) = I if / = 0; . 

[ -T!j=iB~Kx) if/<0. 
The following straightforward lemmas will be usefuU 

Lemma 2.4. Let B G S'L(2,Z), G and r, s,/ G N wit/i < r,s < 
Per{B, v) . Ifl = KPer{B, v) + r andK = hS{v) + t, where K,r,h,teN 
are given by the division theorem, 

51 = -B'-{<P{B, B-^P^''(^^''\u) - u),iy, 

52 = - v,l))- 
^3 = S{u)BP^^(^^'')-^{<P{B,u,1))- 

Si = E£o' <PiB, B'P^^(^^''\i^) - u, Per{B, i^))- 

55 = 0(B,S^'-P^''(^''^)(zy) - iy,ry, 

56 = hS{u)(j){B, V, Per{B, v))- 

r ifr + s< Per{B,u) 

(j){B,B^'''-(^'''\u) -u,r + s- Per{B,u)) D.O.F. 
^ [ Y.T ifr + s< Per{B, u) 

* \ Yfj^'^^^''''^'^ B^{u) + (t>{B,u,r + s - Per{B,u)) D.O.F. 

thus 5i,52,5z, (^4, (55, (^6, ^7 G 1? and 

<i>{B, u, -I) = 5i + 52 + 53 + {S{u) - u, I)); 

(2.1) cp{B, u, I) = + (^5 + ^6 + t<P{B, u, Per{B, u)) + (j){B, u, r); 
B''(l){B,u,s + l) = 57 + 5s 

Lemma 2.5. Let (am), {bm) C C be sequences, then: 

(i) // {am) and (bm) diverges, then the accumulation points of 
{[am ■.bm:l]:meN} 

lies on ^i, 62/ 
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(ii) If (am) converges and (bm) diverges, then [um : 6m : 1] [^2]; 

(iii) If {am) diverges and (bm) converges, then [a„ : 6^ : 1] [ei]; 

(iv) // km = [am - bm ■ M : : 1], where z ^ 0, then there is a 

subsequence of (km), denoted {km = [om : bm ■ 1]), such that {cim) 
and {bm) are convergent. 

Definition 2.6. Let A,B e SL{2,Z), 1/ G Q x Q, 6 e M(l x 2,Z), k,l eZ, 
thus we define: 

{k:l:b:u)=^f^' J + 

From Lemma 12.41 it follows easily 

Corollary 2.7. Let A,B G SL{2, Z), 1/ e Q x Q, 6 e M(l x2,Z), k,l eZ, 
then there are "iOj • • • > "^Per{_B,!/)-i ^ {^j ■ ■ ■ ^ S{i') — 1} and B G 1? such 
that: 

' A^B^ B + EflT'^^^'^jB^i'^) \ 



{k:l:b:u) 



Proposition 2.8. Let A,B(^ SL{2,Z) be such that the group generated 
by A, B is isomorphic to Z x Z and each element in < A, B > \{Id} is a 
hyperbolic toral automorphism, also let u G Q x Q be such that A{i') — u G 
Z X Z. Then 

Ta,b,u = {{k : I : b : u) \ k,l e Z, b e M{1 X 2,Z)} 

is a complex Kleinian group. Moreover ^{rA,B,u) is protectively equivalent 
to: 

y xw\ 

ei,e2e{±l} 

Proof. Let a = {ki : li : bi : i'),b = {k2 : h '■ b2 : i') € ^a,b,u- Thus an easy 
calculation shows: 

ab~^ = {ki - k2 : h - h ■ bi + bs + 64) 

where 

63 = -A''^B^^{A-^^B-^''{b2) + B-^''<l){A-''^{u) - u,l2)); 
b^ = B'^{(P{A''^{iy)-iy,-l2)). 

Since 63, 64 € Z x Z, it follows that Ta,b,u is a group. 

Now, since A,B£ SL{2, Z) are commuting hyperbolic toral automor- 
phism, it follows that there is T G 5*^(2, M) such that TAT~^,TBT~^ are 
diagonal matrices. Set 
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where a, 13 G M\ {±1} and f (1, 0), f (0, 1) G M^. Moreover, given 6 G 
M(l X 2,Z) and k,l G Z and taking = (vi, z/2), by Corollarv 12.71 there are 
mo, • • • iiTT-PeriB,!/)-! ^ {0, • • • , S{i') — 1} and 61, 62 G ^ such that 

(2.2) T{fc:/:6:i.>T 1= q a-'^/S^™ ELi Ef=';^ ' ™. ) ' 

V 1 / 

Claim 1. Let z 7^ 0, if [z : : 1] hes on Li{TrA,B,uT~^), then z G M. Let us 
assume that Im(2: 7^ 0). Thus there are w = [a : b : 1] and (7m) C Fyi^^,;^ a 
sequence of distinc elements in T^^^ ^ such that T'ymT~^{w) From 

equation (12.2p . it follows that for each m G N there are rim, km, t>im, b2m € Z 
and {Zj}f=o''^''^"^ G {0, . . . , 5(1/) - 1} such that ^m{w) — \cLm '■ • 1] where 

2 / Pers(i/)-l \ 

i=i \ j=o / 

2 / Pers(i/)-l \ 

i=l \ j=0 J 

By Lemma I2.5[ we can assume that am ^ z and bm ^ 0. Since 

Im{am) = a^"^ P"^"^ Im{a) — )• Im{z) / 0. We conclude that {km) and {um) 
are eventually constant. In consequence we conclude that {pim) and {jp2m) 
are eventually constant. Thus (7™) is eventually constant. Which is contra- 
diction. 



Observe that by a similar argument, we can show the claim in the case 
x=[{):z:1](^Li{TTa,b,vT-^)- 

Now let 7 G TV A B.vT^"^ induced by the linear map: 

/ a 

(2.3) 

\ 1 

then is straighfoward to check that ki, 63 U ^2, 63 C A(Tr^^5^,yT^-'^). 

On the other hand, from equation (12. 2p . we conclude that li = ({e2, 63}), 
^2 = ({61,63}), ei and 62, are Tr^^5^i,r~^-invariant. Thus, taking , tTj = 
TTe-^^- we can define Hj : Fq — > Bihol{li). Thus, from Equation 12. 2^ we 
conclude that li j {TV a^b.vT''^) leaves Cfc, k G {1,2} \ {i}, and 

[{raiefc + se3|r,sGM}\{0}] 

invariant, moreover, it contains loxodromic and parabolic elements. Thus 
Lemma 11.21 yields 

£j \ Eq{Ylj{TTA,B,yT'^)) = [{raiCfc + se3|r, s G M} \ {0}]. 
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Thus a straightforward calculation shows 

TrA,B,uT-Hhu£2) = Fl\ y y ^ c A(rrA,B,.r-i). 

j&{i,2}p€R{e,) 

Thus 0, = ^^gj^-^i H'^i X is an open TFyi^B^jyT^-'^-invariant set, with 

LiG{VL) = 4. In consequence Theorem 3.5 in [I], yields C Eq{TT a,b,uT~^)) C 
0(r). Which clearly concludes the proof. □ 

By means of similar arguments the following proposition can be showed. 

Proposition 2.9. Let A € S'L(2,Z) be an hyperbolic toral automorphism, 
then the following set is a discrete group of PSL{3,C) 

rA = !^(^^^ J ^ |6 G M(l X 2,Z), A; G ZA: G Z, I 

Moreover il.{TA,B,u) is projectively equivalent to |J^^ e2G{±i}^'^^ ^ . 

Definition 2.10. A subgroup T C PSL{3,C) is said to be a Hyperbolic 
Toral Group if T is conjugated to the group described either in proposition 
12.91 or the one in proposition 12.81 

3. Four lines Groups 

Trough this section T C PSL{3,C) is a complex Kleinian group with 
LiG{n{r)) = 4, C G LG(p{T)) with card{C) = 4, the vertex of C are 
61,62, £i = ^2, el, £2 = ^1,63, To = Stab{ei,T) n Stab{e2,T), vTj = vTe^^^ and 

Ui = Ue l-. 



Lemma 3.1. Either YiiiVo) or n2(ro) contains loxodromic elements. 

Proof. On the contrary, let us assume that nj(ro), j G {1,2}, does not 
contains loxodromic elements. Thus each element 7 G F has a lift 7 G 
GL(3, C) which is given by: 

/ 711 713 
7 = 722 723 
\ 1 

where |7ii| = I722I = 1. A straightforward calculation shows that EqiVQ) = 
Pc \ ^1^62- Thus Eq{T) = Eq{To). Which is a contradition. □ 

Lemma 3.2. //nj(j(Fo) contains a loxodromic element thenf]^^Yi (Fq) Fix{T) 
contains a single point. 

Proof. Without loss of generality we may assume that zq = 2. Now, if E2 = 
nTen2(Fo) Fix{T) contains more than one point, we deduce that F2 = {ei, z} 
for some z G ^2 \ {^i}- By conjugating by a projective transformation, if it 
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is necessary, we may assume that z = e^. Thus each element 7 G Fq has a 
hft 7 € SL{3, C) which is given by: 

7 = 

where abc = 1. In consequence ii and ei are invariant under the action of 
Fq. By Lemma [TTTl = \ (^1 U {ei}) is a discontinuity region for Fq 
which is contained in Eq{TQ). In consequence Lin{TW) < 00, which is a 
contradiction, since TW C F(£'g(Fo) = Eq{T). □ 

Lemma 3.3. T/ie groups ni(Fo) and n2(Fo) contains loxodromic elements. 

Proof. By Lemma 13.11 either ni(Fo) or 112 (Fq) contains loxodromic ele- 
ments. Without loss of generality let us assume that ni(Fo) contains a 
loxodromic element. If n2(Fo) does not contains loxodromic elements, ev- 
ery element 7 G Fq has a lift 7 G GL{3, C) which is given by: 

(711 713 
722 723 
1 

where I7I = 1. In consequence there are 7,r G Fq such that 111(7) ^^'^ 
ni(r) are loxodromic elements with Fix (Hi (7)) 7^ Fix (Hi (r)), 112(7) is 
either parabolic or the identity and 112 (r) is either parabolic or the identity. 
An easy calculation shows ni(r7T^-'^7^^) is parabolic and ni(T7r~^7~-^) is 
the identity. In consequence k = t^t^^^^^ has a lift k € SL{3, C) given by: 

10 
7=1 1 K23 
1 

Finally, let 70 G Fq be such that 111(70) is a loxodromic element. By con- 
jugating with a projective transformation, if it is necessary, we may as- 
sume that Fix{Ili{'~fo)) = {62,63}. Also, by taking the Inverse of 7, if it 
is necessary, we may assume that 62 is an attracting point for 111(70). In 
consequence, if 70 = {'jij G 5*^(3, C)) is a lift of 7, we conclude that: 

/I \ 

r-^r"^ =01 72"2'^23 . ^ /d, 

\o 1 J 

which is a contradiction, since F is discrete. □ 

Lemma 3.4. There is an element 70 G Fq such that 111(70) and 112(70) are 
loxodromic. 

Proof. If this is not the case, there are 71,72 G Fq such that 11^(7^) is 
loxodromic li j = k and either the identity or parabolic in other case. Is 
straightforward to check that 11^(7172), j G {1,2}, is loxodromic. Which is 
a contradiction. □ 
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From now on 7^ will denote a fixed element in Tq such that 11^(7^), j G 
{1, 2}, is loxodromic. Also, by conjugating with a projective transformation, 
if it is necessary, we may assume that has a lift = ilLij) which is a 
diagonal matrix. 

Lemma 3.5. There is an element 7 € Fq such that ni(ro) and 112 (tq) 
parabolic elements. 

Proof. Let j € {1,2}, then there is an element 7^ such that Ilj{'~fj) is loxo- 
dromic and Fix{Ilj{-fj)) / Fix(nj{'jL))- Set kj = iLljlJ^lJ^ , then Iii{Kj) 
is parabolic if i = j and is either the identity or parabolic in other case. 
Thus the only interesting case is ni(K2) = Id and 112 = Id. But in such 
case a simple calculation shows that nj(KiK2), j G {1,2}, is parabolic. □ 

From now on 7p will denote a fixed element in Fq with a lift {'jpij), such 
that nj(7o), j E {1,2}, is parabolic. 

Lemma 3.6. // | 7L11 [<| 7L33 I, then \ 7L22 |>| 7L33 I- 

Proof. On the contrary, let us assume that I7L22I < |7L33|- Then a straight- 
forward calculations shows that: 



Lemma 3.8. Up to conjugacy Fq leaves invariant. 

Proof. By Lemma [3.51 there is an element 70 € Fq such that 111(70) and 
112(70) are loxodromic elements. Thus after conjugating with a projec- 
tive transformation, if it is necessary, we may assume that -Fix(ni(7o)) = 
{[62], [es]} and that Fix(n2(7o)) = {[ei], [es]}. In consequence 70 has a lift 
70 G SL{3,C) given by: 




is a lift of li^lPl^ ■ And clearly [[^m]] rn^oo ^'^i which is a contradiction, 
since Fq is discrete. □ 

Lemma 3.7. The sets \ £;g(ni(Fo)) and \ £;g(n2(Fo)) are circles. 

Proof. Since the vertex of C are ei, 62 it follows that 



= n, (U{^ e Gri(p2)|e, E C A(F)}) , 





where 711722733 = 1- Thus there are ai, 02 E C* such that: 
4 \ Eq{Jii{To) = [{raie2 + se^\r, s E M} \ {0}]; 
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£2 \ Eq{U2iro) = [{rasei + sesir, seR}\ {0}]. 
Let rj G PSL{3,C) be the element induced by the hnear map: 

/ a2 

r?= cti 
\ 1 

Thus a straightforward calculation shows that 

ni(ry-iror/)[{re2 + sesjr, s G M} \ {0}] = [{rea + se^lr, s G R} \ {0}]; 

n2(f?"^ror?)[{rei + ses\r,s G R} \ {0}] = [{rei + se3\r,se R} \ {0}]. 
In consequence is r/^^ro??-invariant. □ 

Prom now on we will assume that is To-invariant. Also let us define: 

Par(ro) = {7 G ro|nj(7),j G {1,2}, is either parabolic or the identity}. 
Lemma 3.9. The set Par{To) is a group isomorphic to Z x Z. 

Proof. Clearly Par{TQ) is a group. Moreover Par{TQ) can be lifted to a 

group Par{To) C SL[3,C) where each element has the form: 

10a 
1 b 
1 

where a, 6 G M. Also observe that the group morphism Lat : Par{TQ) — >■ 

given by Lat{{jij)) = (713, 723) enable us to show that Par{TQ) is isomorphic 
to a lattice in R^. Thus to get the claim, will be cnought to show that there 

are two elements in Lai (Par (Fq)) which arc R- linearly independent. Clearly 

/ 1 7L117P137Z33 
Kl = 1 7L227P237L33 

V 1 

is a lift in Par(ro) of ^J^^^p^L. To conclude observe that the system of 
linear equations 

rLa{Ki) + sLa{'yp) = 

has determinant 7p237pi37^3^3(7lii — 71,22) 7^ 0. Which conclude the proof. 

□ 

Set 

h) = [{raie2 + se3|r,s gM}\{0}]; 
^2) = [{raiei + se3|r,s gM}\{0}]; 

Proposition 3.10. The equicontinuity set ofT is given by: 

Eq{T)= (J M^ixM'2_ 

ei,e2e{±l} 
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Proof. Let us set 

^ = ^l\ u u ^- 

je{i,2}pGR(£j) 

Clearly n = Uei,e2e{±i} ^^I"' x and is a ro-invariant with LiG{Q) = 4. 
Thus Theorem 3.5 in [1], yields Q C Eq(TQ). On the other hand, let j G {1, 2} 
and Ij G Gri(P^) be such that ej G Ij C A(r). Then 



U I^C U e„n,(7)(vr,(/,\{e,}))=n,-. 

7e{ro) 



In consequence Eq(T) C 1^. Finally, since Tq is a subgroup of finite index of 
r, we conclude that Eq{To) = Eq{T), which concludes the proof. □ 

In the sequel let T = f]^_^ Stab{I¥^ x M^'^,T). As an immediate 

consequence one has: 

Lemma 3.11. The group T is a subgroup of T of index at most 4, which 
contains Par (Fq). Moreover F can be lifted to a subgroup F of GL(3,M) 
where each element has the form: 




where a,b > and c, d G M. 

Definition 3.12. From now on Par(Fo) will denote the lift of Par(Fo) 
in F and Lat : Par (Fq) — )■ will denote the group morphism given by 
Lat{jij) = (713,723)- 

Corollary 3.13. For each j G {1,2}, it follows thatllj(t) does not contains 
elliptic elements. 

Lemma 3.14. Let j G {1,2} and ^ G F. IfUj^j) is parabolic, then nj(7) 7^ 
Id, where j is the unique element in {1,2} \ {j}. 

Proof. On the contrary let us assume that there j G {1,2} and 7 G F such 
that 11^(7) is parabolic and 114(7) = ^d. Now by taking the inverse of 7^ if 
it is necessary, we may assume that | 7^,13 |< 1. Thus an easy calculation 
shows: 

/ 1 7F13713 \ 
7^77-™= 10 ] ^Id. 

Vo 1 J 

Which is a contradiction. □ 

Lemma 3.15. Let j G {1,2} and ^ G F. Ifllj{j) is loxodromic, then 11^(7) 
is loxodromic, where j is the unique element in {1,2} \ {j}. 
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Proof. On the contrary let us assume that there j E {1)2} and 7 E F 
such that 11^(7) is loxodromic and nj(7) is not loxodromic. Thus iTiij) 
is either Id or a parabolic element. Set r = 77P, then vrj(r) is loxo- 
dromic with Fix{Ilj{T)) 7^ Fix{Ilj{'y)). Thus an easy calculation shows 
that JIj('yTj~'^T~^) is parabolic and Ili{'yTj^^T~^) is the identity. Which 
contradicts Lemma |3.14[ □ 

Definition 3.16. Let eLat : f GL(2,M+) given by 

eLai(7,,) = 

Proposition 3.17. eLat is a group morphism whose kernel is Par{To). 

Proposition 3.18. Lat{Par{rQ)) is invariant, as set o/M^, under the ac- 
tion of the group eLat{T). 

Proof. Let (a, 6) € Lat^PariTo)) and (7^) G eLatiV). Thus there is 7 G F 
and T G PariTo) such that eLat{^) = (7ij) and Latir) = {a,b). Thus 
K = 7x7""*^ G Par(ro) and Lat{K) = (7110,722^)- D 

Lemma 3.19. eLat(r) is a conmutative discrete group with at most 2 gen- 
erators. 

Proof. Since the map p : eLat{T) — > given by 

( 6 ) " {Log (a), Log (b)) 

is an isomorphism of groups and from the Bierberbach Theorem (see [7] ) , it 
will be enought to show eLat(T) is discrete. If this is not the case, then there 

are sequences of distinc elements (am), (/3m) £ such that ^ q™" ^ ^ G 
eLat{t) and Om, l^m 1- Let 7^ = (7iJ^) G f such that eLat{'jm) = 

{am,Pm)- Since Lat{Par{To)) is a lattice of rank 2, it follows that there 

is a sequence (t^) G Lat^PariVo)) such that {Lat{T„i) + (713,723)) is a 
bounded sequence. Thus we can assume that there are c, d G M such that 

{Lat{Tm) + (713^^72™"*)) m->-oo ('^''^)- Now a straightforward calculation 
shows: 

^ ^ - ( eLat{-f^) Lat(r„) + (7|!^\7^!^^) \ ^ I n ? ^7 

7m Tm — I -, I m->c£) " 1 a 

^ ^ ^ ^ \ 1 

which is a contradiction. □ 

In the sequel o" is a subset off such that Card{a) = rank{eLat(t)) and its 
lift (T in r satisfies < a >= eLat{'y). Also, take tq G cr be a a fixed element, 
thus, by conjugating with a projective transformation if it is necessary, we 
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may assume that tq has a hft f G F which is a diagonal matrix. Finally, let 
7,72 S Par(Fo) be such that < 71,72 >= Par(Fo). 

Lemma 3.20. It holds that < cr, 71,72 >= F. 

Proof. Let 7 € F and 7 € F be a hft. Thus there is r G< o" > with a hft 
7 G F such that eLat^j) = eLat{f). In consequence 7r^^ € Par (Fq), which 
concludes the proof. □ 

Lemma 3.21. It is verified that T is a hyperbolic toral group. 

Proof. Let (wii, W21), (^^12, ^^22) G be linearly independent vectors such 
that Lot (Par (Fq)) =< fi,f2 >• Also set 

^^11 vi2 Yt= ( ° 
^^21 V22) / ' V 1 



T = 

Thus an easy calculation shows: 



T-Sr= I' ) for each J G {1,2} 
T-^hT = ( ^ ) for each h£a 



1 

where = if h = eLat{fo). Clearly Proposition 13.181 yields that G =< 
{T~^h : /i G (j} > is a conmutative group, where each element different from 
the identity is a hyperbolic toral automorphism and whose rank is either 1 
or 2. To conclude the proof, let us show the following claim. 

Claim 1.- If there is /i G a \ {r}, then eLat{fQ){u^Lat{h)) - ^eLat{h) ^ 
where h £ a is the lift of h. An easy calculation shows: 



fhf-^h-^ 



I eLat{fQ){u^iat{h)) - ^eLat{h) 

1 



Which concludes the proof. □ 
Now theorem 10. II follows easily. 
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